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For the whole space Gabor frames, single-window ones have been extensively studied in the past twenty years and more \[[@CR4], [@CR5], [@CR7], [@CR9], [@CR15], [@CR16]\]. Multiwindow frames were firstly studied by Zibulski and Zeevi \[[@CR10]\] and Zeevi, Zibulski, and Porat \[[@CR11]\]. By introduction of a Zak transform they developed a matrix (so-called Zibulski--Zeevi matrix) algebraic tool for multiwindow Gabor frames and applied it to image processing and computer vision. Since then, many researchers have studied multiwindow Gabor frames and related applications \[[@CR2], [@CR17]--[@CR20]\]. It was also pointed out in \[[@CR12]\] that the Zibulski--Zeevi matrix method is not very efficient for mixed Gabor frames. In \[[@CR2]\], with the help of a new Zak transform matrix, different from the Zibulski--Zeevi matrix, Zhang and Li investigated mixed rational time-frequency multiwindow Gabor frames (Riesz bases and orthonormal bases) and their Gabor duals in $\documentclass[12pt]{minimal}
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Assumption 1 {#FPar1}
------------

*L* is a positive integer;

Assumption 2 {#FPar2}
------------
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The rest of this paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, using a suitable Zak transform matrix method, we characterize subspace mixed multiwindow Gabor frames, their Gabor duals of types I and II, and the uniqueness of Gabor duals and obtain explicit expressions of the Gabor duals. In Sect. [3](#Sec3){ref-type="sec"}, we give some examples and remarks. They show that there exist significant differences between mixed multiwindow Gabor frames and usual multiwindow Gabor frames. In particular, not every subspace mixed multiwindow Gabor frame $\documentclass[12pt]{minimal}
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Frame and dual characterization {#Sec2}
===============================

Let *L*, **a**, and **b** satisfy Assumptions [1](#FPar1){ref-type="sec"} and [2](#FPar2){ref-type="sec"}. In this section, using a Zak transform matrix method, we characterize the Gabor systems $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& {\mathcal{G}}_{1}(t-a_{1}, v)={M}_{1,1}(t,v) \end{aligned}$$ \end{document}$$for a.e. $\documentclass[12pt]{minimal}
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                \begin{document}$(t,v)\in [0, \frac{1}{bq})\times [0, 1)$\end{document}$, where $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ {\mathcal{G}}_{1}(t,v)_{r,k}= \mathcal{Z}_{aq}g_{1} \biggl(t-ra+\frac{k}{b}, v \biggr),\qquad {\mathcal{G}}_{1}(t-a_{1}, v)_{r,k}= \mathcal{Z}_{aq}g_{1} \biggl(t-a_{1}-ra+\frac{k}{b}, v \biggr) $$\end{document}$$ for $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$[0, aq)$\end{document}$, by the quasi-periodicity of $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}${\mathcal{Z}}_{aq}$\end{document}$ we have $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\mathcal{Z}_{aq}g_{1}(t,v)\ne 0$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(t,v)\in E$\end{document}$ and some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E\subset [0, aq)\times [0, 1)$\end{document}$ with $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\vert E \vert >0$\end{document}$ by ([9](#Equ9){ref-type=""}), ([10](#Equ10){ref-type=""}), whereas $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{Z}_{aq}g_{1}(t,v)=0$\end{document}$ for a.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(t,v)\in [0, aq)\times [0, 1)$\end{document}$ by ([9](#Equ9){ref-type=""}) and ([11](#Equ11){ref-type=""}). This is a contradiction.

Define the *Fourier transform* $\documentclass[12pt]{minimal}
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                \begin{document}$l^{2}(\mathbb{Z}^{2}) \rightarrow L^{2}([0, \frac{1}{b})\times [0, 1))$\end{document}$ by $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$ {\mathcal{F}}c(t,v)=\sqrt{b}\sum_{m\in \mathbb{Z}} \sum \limits _{n\in \mathbb{Z}}c_{m,n}e^{2\pi imbt}e^{2\pi inv} $$\end{document}$$ for $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
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                \begin{document}$\mathcal{J}$\end{document}$: $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$l^{2}(\mathbb{Z}^{2}, \mathbb{C}^{L}) \rightarrow L^{2}([0, \frac{1}{b})\times [0, 1), \mathbb{C}^{Q})$\end{document}$ by $$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \begin{document} $$\begin{aligned}& {\mathcal{C}}(t,v)= \left ( \textstyle\begin{array}{@{}c@{}} {\mathcal{C}}_{1}(t,v) \\ \mathcal{C}_{2}(t,v)\\ \vdots \\ \mathcal{C}_{L}(t,v) \end{array}\displaystyle \right ) ,\qquad \mathcal{C}_{l}(t,v)=\left ( \textstyle\begin{array}{@{}c@{}} {\mathcal{C}}_{l}^{(0)}(t,v) \\ \mathcal{C}_{l}^{(1)}(t,v) \\ \vdots \\ \mathcal{C}_{l}^{(\lambda _{l}-1)} (t,v) \end{array}\displaystyle \right ) , \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& {\mathcal{C}}_{l}^{(\beta _{l})}(t,v)=\left ( \textstyle\begin{array}{@{}c@{}} \sum_{m\in \mathbb{Z}} \sum_{n\in \mathbb{Z}} c_{l,m,nq\lambda _{l}+\beta _{l}}e^{2 \pi imbt}e^{2\pi inv} \\ \sum_{m\in \mathbb{Z}} \sum_{n\in \mathbb{Z}} c_{l,m,(nq+1)\lambda _{l}+\beta _{l}}e^{2 \pi imbt}e^{2\pi inv} \\ \vdots \\ \sum_{m\in \mathbb{Z}} \sum_{n\in \mathbb{Z}} c_{l,m,(nq+q-1)\lambda _{l}+\beta _{l}}e^{2 \pi imbt}e^{2\pi inv} \end{array}\displaystyle \right ) \end{aligned}$$ \end{document}$$ for $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal{D}(t,v)$\end{document}$.

By a standard argument, we have

Lemma 2.2 {#FPar7}
---------

*The operators* $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{F}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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By Lemmas 2.4 and 4.1 and by Remarks 2.6 and 2.7 in \[[@CR31]\], we have following two lemmas.

Lemma 2.3 {#FPar8}
---------
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                \begin{document}$1\le l\le L$\end{document}$.

Lemma 2.4 {#FPar9}
---------

*For* $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$ \operatorname{rank} \bigl(G(t,v) \bigr)=p\quad \textit{ffor a.e. } (t,v)\in \biggl[0, \frac{1}{bq}\biggr)\times [0, 1). $$\end{document}$$

Lemma 2.5 {#FPar10}
---------

*For* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document} $$\begin{aligned}& \langle f, E_{mb}T_{na q+ra+\tau a_{l}}g_{l}\rangle \\& \quad = \int _{0}^{\frac{1}{b}} \int _{0}^{1} \bigl( \overline{ \mathcal{G}_{l}(t-\tau a_{l}, v)} {\mathbf{Z}}_{a q}f(t, v) \bigr) _{r}e^{-2\pi imb t} e^{-2\pi inv}\,dt\,dv \end{aligned}$$ \end{document}$$ *for* $\documentclass[12pt]{minimal}
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                \begin{document}$G(t+\frac{n}{bq}, v)=e^{- 2\pi im_{n}v} {\mathcal{C}}_{n} G(t,v) \mathcal{D}_{n} $\end{document}$ *for* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \begin{document}$(k_{n},r_{n},m_{n})\in \mathbb{N}_{p}\times \mathbb{N}_{q}\times \mathbb{Z}$\end{document}$ *and a*.*e*. $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$(t,v)\in \mathbb{R}^{2}$\end{document}$, *where* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \mathcal{D}_{n}= \left ( \textstyle\begin{array}{@{}c@{\quad}c@{}} 0 & e^{-2 \pi iv}I_{k_{n}} \\ I_{p-k_{n}} & 0 \end{array}\displaystyle \right ), \end{aligned}$$ \end{document}$$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{C}_{n}=\operatorname{diag}(\mathcal{C}_{1,n}(v), \mathcal{C}_{2,n}(v), \ldots , \mathcal{C}_{L,n}(v))$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\mathcal{C}_{l,n}(v)$\end{document}$ *denotes the block matrix* (*with* $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c\in l_{0}(\mathbb{Z}^{2}, \mathbb{C}^{L})$\end{document}$ (*that is*, *c* *is finitely supported*) *or* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G(\mathbf{g}, \mathbf{a}, \mathbf{b})$\end{document}$ *is a Bessel sequence in* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{2}(\mathbb{R})$\end{document}$, *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{T}_{\mathbf{g}}c$\end{document}$ *is as in* ([3](#Equ3){ref-type=""}).(iv)*If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G(\mathbf{g}, \mathbf{a}, \mathbf{b})$\end{document}$ *is a Bessel sequence in* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{2}(\mathbb{R})$\end{document}$, *then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mathcal{J}\mathcal{T}_{\mathbf{g}}^{*}f(t,v)=\frac{1}{b}\overline{G(t,v)} {\mathbf{Z}}_{aq}f(t,v) $$\end{document}$$ *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f\in L^{2}(\mathbb{R})$\end{document}$ *and a*.*e*. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(t,v)\in \mathbb{R}^{2}$\end{document}$.

Proof {#FPar11}
-----

(i), (ii), and (iii) are from Lemmas 2.2, 2.3, 2.5 in \[[@CR2]\]. Next, we prove (iv). Write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$d=\mathcal{T}_{\mathbf{g}}^{*}f=(d_{1}, d_{2}, \ldots , d_{L})$\end{document}$. By Lemma [2.1](#FPar3){ref-type="sec"} we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& d_{l,m,(nq+r)\lambda _{l}+\beta _{l}} \\& \quad =\sum_{k\in \mathbb{N}_{p}} \int _{0}^{\frac{1}{b}} \int _{0}^{1}{\mathcal{Z}}_{aq}f \biggl(t+ \frac{k}{b}, v \biggr)\overline{\mathcal{Z}_{aq}g_{l} \biggl(t-\beta _{l}a_{l}-ra+\frac{k}{b}, v \biggr)}e^{-2\pi imbt}e^{-2\pi inv} \,dt\,dv \\& \quad = \int _{0}^{\frac{1}{b}} \int _{0}^{1} \bigl( \overline{ \mathcal{G}_{l}(t-\beta _{l}a_{l}, v)} { \mathbf{Z}}_{aq}f(t,v) \bigr) _{r}e^{-2\pi imbt}e^{-2\pi inv}\,dt\,dv \end{aligned}$$ \end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(r, \beta _{l})\in \mathbb{N}_{q}\times \mathbb{N}_{\lambda _{l}}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1 \leq l\leq L$\end{document}$. When $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G(\mathbf{g}, \mathbf{a}, \mathbf{b})$\end{document}$ is a Bessel sequence, the integrand in ([14](#Equ14){ref-type=""}) belongs to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{2}([0, \frac{1}{b})\times [0, 1))$\end{document}$ by Lemma [2.3](#FPar8){ref-type="sec"}(vi). It follows that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ {\mathcal{D}}^{(\beta _{l})}(t,v)=\frac{1}{b}\overline{ \mathcal{G}_{l}(t-\beta _{l}a_{l}, v)} { \mathbf{Z}}_{aq}f(t,v) $$\end{document}$$ for a.e $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(t,v)\in [0, \frac{1}{b})\times [0, 1)$\end{document}$. This leads to the lemma. □

Remark 2.2 {#FPar12}
----------

By Lemma [2.5](#FPar10){ref-type="sec"}(ii), $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \operatorname{rank} \biggl(G \biggl(t+\frac{n}{bq}, v \biggr) \biggr)= \operatorname{rank} \bigl(G(t,v) \bigr), $$\end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ G^{*} \biggl(t+\frac{n}{bq}, v \biggr)G \biggl(t+ \frac{n}{bq}, v \biggr)=\mathcal{D}_{n}^{*}G^{*}(t,v)G(t,v) \mathcal{D}_{n}, $$\end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ G \biggl(t+\frac{n}{bq}, v \biggr)G^{*} \biggl(t+ \frac{n}{bq}, v \biggr)=\mathcal{C}_{n}G(t,v)G^{*}(t,v) \mathcal{C}_{n}^{*} $$\end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(t,v)\in \mathbb{R}^{2}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\in \mathbb{Z}$\end{document}$. It follows that the range of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\operatorname{rank}(G(t,v))$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[0, \frac{1}{bq})\times [0, 1)$\end{document}$ is that on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbb{R}^{2}$\end{document}$, and the spectrum properties of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G^{*}(t,v)G(t,v)$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G(t,v)G^{*}(t,v)$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[0, \frac{1}{bq})\times [0, 1)$\end{document}$ determine their spectrum properties on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbb{R}^{2}$\end{document}$. For simplicity, all theorems further will be stated on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[0, \frac{1}{bq})\times [0, 1)$\end{document}$.

By an argument similar to Lemmas 27, 28 in \[[@CR1]\] and Lemmas 3.3, 3.4 in \[[@CR31]\], we have the following two lemmas.

Lemma 2.6 {#FPar13}
---------

*For* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbf{g}=\{g_{1}, g_{2}, \ldots , g_{L}\}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbf{h}=\{h_{1}, h_{2}, \ldots , h_{L}\}\subset L^{2}(\mathbb{R})$\end{document}$, *the following are equivalent*: (i)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbf{h}\subset {\mathcal{M}}(\mathbf{g}, \mathbf{a}, \mathbf{b})$\end{document}$.(ii)*there exists a measurable function* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A:[0, \frac{1}{bq}) \times [0, 1) \rightarrow {\mathcal{M}}_{Q, Q}$\end{document}$ *such that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H(t,v)=A(t,v)G(t,v)$\end{document}$ *for a*.*e*. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(t,v)\in [0, \frac{1}{bq})\times [0, 1)$\end{document}$.(iii)*there exists a measurable function* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A:\mathbb{R}^{2} \rightarrow {\mathcal{M}}_{Q, Q}$\end{document}$ *such that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H(t,v)=A(t,v)G(t,v)$\end{document}$ *for a*.*e*. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(t,v)\in \mathbb{R}^{2}$\end{document}$.

Lemma 2.7 {#FPar14}
---------

*Given* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbf{g}=\{g_{1}, g_{2}, \ldots , g_{L}\} $\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbf{h}=\{h_{1}, h_{2}, \ldots , h_{L}\}\subset L^{2}(\mathbb{R})$\end{document}$, *let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G(\mathbf{g}, \mathbf{a}, \mathbf{b})$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G(\mathbf{h}, \mathbf{a}, \mathbf{b})$\end{document}$ *be Bessel sequences in* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{2}(\mathbb{R})$\end{document}$. *Then the following are equivalent*: (i)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\operatorname{range}(\mathcal{T}_{\mathbf{h}}^{*})\subset\overline{\operatorname{range}(\mathcal{T}_{\mathbf{g}}^{*})}$\end{document}$.(ii)*there exists a measurable function* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B:[0, \frac{1}{bq})\times [0, 1)\rightarrow {\mathcal{M}}_{p,p}$\end{document}$ *such that* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ H(t,v)=G(t,v)B(t,v)\quad \textit{for a.e. } (t,v)\in \biggl[0, \frac{1}{bq}\biggr) \times [0, 1). $$\end{document}$$(iii)*there exists a measurable function* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B:\mathbb{R}^{2} \rightarrow {\mathcal{M}}_{p,p}$\end{document}$ *such that* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ H(t,v)=G(t,v)B(t,v)\quad \textit{for a.e. } (t,v)\in \mathbb{R}^{2}. $$\end{document}$$

Lemma 2.8 {#FPar15}
---------

*Given* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbf{g}=\{g_{1}, g_{2}, \ldots , g_{L}\}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbf{h}=\{h_{1}, h_{2}, \ldots , h_{L}\}\subset L^{2}(\mathbb{R})$\end{document}$, *let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G(\mathbf{g}, \mathbf{a}, \mathbf{b})$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G(\mathbf{h}, \mathbf{a}, \mathbf{b})$\end{document}$ *be Bessel sequences in* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{2}(\mathbb{R})$\end{document}$. *Then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} {\mathbf{Z}}_{aq}(\mathcal{S}_{\mathbf{h},\mathbf{g}}f) (t,v)= \frac{1}{b}\overline{G^{*}(t,v) H(t,v)} {\mathbf{Z}}_{aq}f(t, v) \end{aligned}$$ \end{document}$$*for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f\in L^{2}(\mathbb{R})$\end{document}$ *and a*.*e*. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(t,v)\in \mathbb{R}^{2}$\end{document}$.

Proof {#FPar16}
-----

Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{S}_{\mathbf{h},\mathbf{g}}=\mathcal{T}_{\mathbf{g}}{\mathcal{T}}_{\mathbf{h}}^{*}$\end{document}$, applying Lemma [2.5](#FPar10){ref-type="sec"}(iii), (iv) leads to the lemma. □

Lemma 2.9 {#FPar17}
---------

*Given* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbf{g}=\{g_{1}, g_{2}, \ldots , g_{L}\} $\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbf{h}=\{h_{1}, h_{2}, \ldots , h_{L}\}\subset L^{2}(\mathbb{R})$\end{document}$, *let* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G(\mathbf{g}, \mathbf{a}, \mathbf{b})$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G(\mathbf{h}, \mathbf{a}, \mathbf{b})$\end{document}$ *be Bessel sequences in* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{2}(\mathbb{R})$\end{document}$. *Then the following are equivalent*: (i)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G(\mathbf{h}, \mathbf{a}, \mathbf{b})$\end{document}$ *is an oblique Gabor dual for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G(\mathbf{g}, \mathbf{a}, \mathbf{b})$\end{document}$.(ii)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G^{*}(t,v)=\frac{1}{b}G^{*}(t,v)H(t,v) G^{*}(t,v)$\end{document}$ *for a*.*e*. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(t,v)\in [0, \frac{1}{bq})\times [0, 1)$\end{document}$.(iii)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G^{*}(t,v)=\frac{1}{b}G^{*}(t,v)H(t,v) G^{*}(t,v)$\end{document}$ *for a*.*e*. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(t,v)\in \mathbb{R}^{2}$\end{document}$.

Proof {#FPar18}
-----

By Lemma [2.5](#FPar10){ref-type="sec"}(ii), (ii) and (iii) are equivalent. So, to prove the lemma, it suffices to prove the equivalence between (i) and the following equation: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} G^{*}(t,v)=\frac{1}{b}G^{*}(t,v)H(t, v) G^{*}(t,v)\quad \mbox{for a.e. } (t,v)\in \biggl[0, \frac{1}{b}\biggr) \times [0, 1). \end{aligned}$$ \end{document}$$ Since $\documentclass[12pt]{minimal}
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                \begin{document}$$ \overline{G^{*}(t,v)} {\mathcal{J}}c(t,v)= \frac{1}{b} \overline{G^{*}(t,v)H(t,v) G^{*}(t,v)} {\mathcal{J}}c(t, v)\quad \mbox{for } c\in l^{2} \bigl(\mathbb{Z}^{2}, \mathbb{C}^{L} \bigr) $$\end{document}$$ by Lemmas [2.1](#FPar3){ref-type="sec"}, [2.5](#FPar10){ref-type="sec"}, and [2.8](#FPar15){ref-type="sec"}, which is in turn equivalent to $$\documentclass[12pt]{minimal}
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                \begin{document}$d(t,v)\in L^{2}([0,\frac{1}{b})\times [0,1), \mathbb{C}^{Q})$\end{document}$ by Lemma [2.2](#FPar7){ref-type="sec"}. Obviously, ([16](#Equ16){ref-type=""}) implies ([17](#Equ17){ref-type=""}). Now suppose ([17](#Equ17){ref-type=""}) holds. For arbitrary fixed $\documentclass[12pt]{minimal}
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By the definition of pseudo-inverse, we have following two lemmas.

Lemma 2.10 {#FPar19}
----------
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                \begin{document}$\mathcal{P}_{\operatorname{range}(A)}$\end{document}$ *denotes the orthogonal projection from* $\documentclass[12pt]{minimal}
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Lemma 2.11 {#FPar20}
----------

*For an arbitrary* $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal{P}_{\operatorname{range}(A)}$\end{document}$ *denotes the orthogonal projection from* $\documentclass[12pt]{minimal}
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Let us check the Gabor system $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \{E_{mb}T_{na_{l}}g_{l}:m, n\in \mathbb{Z}\}&= \{E_{mb}T_{(n\lambda _{l}+\gamma _{l})a_{l}}g_{l}:m,n\in \mathbb{Z}, \gamma _{l}\in \mathbb{N}_{\lambda _{l}}\} \\ &=\{E_{mb}T_{na}g_{l,\gamma _{l}}:m,n\in \mathbb{Z}, \gamma _{l}\in \mathbb{N}_{\lambda _{l}}\}, \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& G(\tilde{\mathbf{g}}, a, b)=\{E_{mb}T_{na}g_{l,\gamma _{l}}: m,n\in \mathbb{Z}, \gamma _{l}\in \mathbb{N}_{\lambda _{l}}, 1\leq l \leq L\}, \\& {\tilde{\mathbf{g}}}=\{g_{1,0}, g_{1,1}, \ldots , g_{1, \lambda _{1}-1}; g_{2,0}, g_{2,1}, \ldots , g_{2, \lambda _{2}-1};\ldots ; g_{L,0}, g_{L,1}, \ldots , g_{L, \lambda _{L}-1}\}. \end{aligned}$$ \end{document}$$ So the matrix-valued function $\documentclass[12pt]{minimal}
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                \begin{document}$G(\tilde{\mathbf{g}}, a, b)$\end{document}$ have the same frame properties. Therefore, using Theorems 2.9 and 2.14 and Remark 2.10 in \[[@CR31]\], we have the following two theorems.

Theorem 2.1 {#FPar21}
-----------

*For* $\documentclass[12pt]{minimal}
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                \begin{document}$(t,v)\in [0, \frac{1}{bq})\times [0, 1)$\end{document}$.

Theorem 2.2 {#FPar22}
-----------
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                \begin{document}$(t,v)\in [0, \frac{1}{bq})\times [0, 1)$\end{document}$.

By Lemmas [2.6](#FPar13){ref-type="sec"}--[2.9](#FPar17){ref-type="sec"}, we have following theorem, which characterizes the Gabor duals of type I (resp., type II):

Theorem 2.3 {#FPar23}
-----------
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                \begin{document}$\mathbf{g}=\{g_{1}, g_{2}, \ldots , g_{L}\}\subset L^{2}(\mathbb{R})$\end{document}$, *let* $\documentclass[12pt]{minimal}
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                \begin{document}$G(\mathbf{h}, \mathbf{a}, \mathbf{b})$\end{document}$ *being a Bessel sequence in* $\documentclass[12pt]{minimal}
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                \begin{document}$G(\mathbf{h}, \mathbf{a}, \mathbf{b})$\end{document}$ *is a Gabor dual of type I* (*type II*) *for* $\documentclass[12pt]{minimal}
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                \begin{document}$$ H(t,v)=\mathcal{A}(t,v)G(t,v) \qquad \bigl(H(t,v)= G(t, v)\mathcal{B}(t,v)\bigr); $$\end{document}$$(ii)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Theorem 2.4 {#FPar24}
-----------
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                \begin{document}$(t,v)\in [0, \frac{1}{bq})\times [0, 1)$\end{document}$.(iii)$\documentclass[12pt]{minimal}
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Proof {#FPar27}
-----
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Some examples and remarks {#Sec3}
=========================
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Definition 3.1 {#FPar28}
--------------
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By Lemma [2.5](#FPar10){ref-type="sec"}(ii) and Theorem 2.1 in \[[@CR2]\] we have the following:

Lemma 3.1 {#FPar29}
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Example 3.1 {#FPar30}
-----------
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Proof {#FPar31}
-----
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By simple computation, ([29](#Equ29){ref-type=""}) holds if and only if $\documentclass[12pt]{minimal}
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Remark 3.1 {#FPar32}
----------
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We show it by revisiting Example [3.1](#FPar30){ref-type="sec"}. Let us make the additional assumption that $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1\le l\le L$\end{document}$, are not all the same?

The following example gives a negative answer to this question.

Example 3.2 {#FPar33}
-----------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbf{a}=(1, 2)$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbf{b}=(\frac{1}{3}, \frac{1}{3})$\end{document}$. Assume that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mathcal{J}(t,v)=\left ( \textstyle\begin{array}{@{}c@{}} {\mathcal{J}}_{1}(t,v) \\ \mathcal{J}_{2}(t,v) \end{array}\displaystyle \right ) \quad \mbox{and}\quad {\mathcal{E}}(t,v)=\left ( \textstyle\begin{array}{@{}c@{}} {\mathcal{E}}_{1}(t,v)\\ \mathcal{E}_{2}(t,v) \end{array}\displaystyle \right ) $$\end{document}$$ have the form $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& {\mathcal{J}}_{1}(t,v)=\left ( \textstyle\begin{array}{@{}c@{\quad}c@{}} a_{0,0}(t,v) & a_{0,1}(t,v) \\ a_{1,0}(t,v) & a_{1,1}(t,v) \\ a_{2,0}(t,v) & a_{2,1}(t,v) \\ a_{2,1}(t,v) & e^{-2\pi i v}a_{2,0}(t,v) \\ e^{2\pi i v}a_{0,1}(t,v) &a_{0,0}(t,v) \\ e^{2\pi i v}a_{1,1}(t,v) &a_{1,0}(t,v) \end{array}\displaystyle \right ) , \\& {\mathcal{E}}_{1}(t,v)=\left ( \textstyle\begin{array}{@{}c@{\quad}c@{}} c_{0,0}(t,v) & c_{0,1}(t,v) \\ c_{1,0}(t,v) & c_{1,1}(t,v) \\ c_{2,0}(t,v) & c_{2,1}(t,v) \\ c_{2,1}(t,v) & e^{-2\pi i v}c_{2,0}(t,v) \\ e^{2\pi i v}c_{0,1}(t,v) &c_{0,0}(t,v) \\ e^{2\pi i v}c_{1,1}(t,v) &c_{1,0}(t,v) \end{array}\displaystyle \right ) , \end{aligned}$$ \end{document}$$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ {\mathcal{J}}_{2}(t,v)=\left ( \textstyle\begin{array}{@{}c@{\quad}c@{}} b_{0,0}(t,v) & b_{0,1}(t,v) \\ b_{1,0}(t,v) & b_{1,1}(t,v) \\ b_{2,0}(t,v) & b_{2,1}(t,v) \end{array}\displaystyle \right ) ,\qquad { \mathcal{E}}_{2}(t,v)=\left ( \textstyle\begin{array}{@{}c@{\quad}c@{}} d_{0,0}(t,v) & d_{0,1}(t,v) \\ d_{1,0}(t,v) & d_{1,1}(t,v) \\ d_{2,0}(t,v) & d_{2,1}(t,v) \end{array}\displaystyle \right ) $$\end{document}$$ for a.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(t,v)\in [0, 2)\times [0, 1)$\end{document}$ with all entries of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{J}(t,v)$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{E}(t,v)$\end{document}$ in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{\infty }([0, 2)\times [0, 1))$\end{document}$, that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\mathcal{J}_{1}(t,v))^{*}{\mathcal{E}}_{1}(t,v)$\end{document}$ has the form $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \left ( \textstyle\begin{array}{@{}c@{\quad}c@{}} A(t,v) & 0 \\ 0 & A(t,v) \end{array}\displaystyle \right ) $$\end{document}$$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\mathcal{J}(t,v))^{*}{\mathcal{J}}(t,v)$\end{document}$ has the form $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \left ( \textstyle\begin{array}{@{}c@{\quad}c@{}} B(t,v) & 0 \\ 0 & B(t,v) \end{array}\displaystyle \right ) $$\end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(t,v)\in [0, 2)\times [0, 1)$\end{document}$, and that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \bigl(\mathcal{J}_{2}(t,v) \bigr)^{*}{\mathcal{E}}_{2}(t, v)= \left ( \textstyle\begin{array}{@{}c@{\quad}c@{}} \frac{1}{3}-A(t,v) & 0 \\ 0 & \frac{1}{3}-A(t,v) \end{array}\displaystyle \right ) $$\end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(t,v)\in [0, 2)\times [0, 1)$\end{document}$ satisfying $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B(t,v)\ne 0$\end{document}$. Define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbf{g}=\{g_{1}, g_{2}\}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbf{h}=\{h_{1}, h_{2}\}$\end{document}$ by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ G(t,v)=\mathcal{J}(t,v)\quad\mbox{and}\quad H(t,v)=\mathcal{E}(t,v) \quad \mbox{for } (t,v)\in [0, 2)\times [0, 1). $$\end{document}$$ Then **g** and **h** are well defined by the quasi-periodicity of the Zak transform $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{Z}_{6}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$6\mathbb{Z}$\end{document}$-congruence between $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[0, 1)-2\mathbb{N}_{3}+3\mathbb{N}_{2}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[0, 6)$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G(\mathbf{g}, \mathbf{a}, \mathbf{b})$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G(\mathbf{h}, \mathbf{a}, \mathbf{b})$\end{document}$ are both Bessel sequences by the quasi-periodicity of the Zak transform and Lemma [2.3](#FPar8){ref-type="sec"}(vi). A simple computation shows that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ G^{*}(t,v)G(t,v) =3G^{*}(t,v)H(t,v) G^{*}(t,v)G(t,v) $$\end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(t,v)\in [0, 2)\times [0, 1)$\end{document}$. This implies that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G^{*}(t,v) =3G^{*}(t,v)H(t,v) G^{*}(t,v)$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(t,v)\in [0, 2)\times [0, 1)$\end{document}$ since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbb{C}^{9}=\operatorname{range}(G(t,v))\oplus {\mathrm{{ker}}}(G^{*}(t,v))$\end{document}$. So $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G(\mathbf{h}, \mathbf{a}, \mathbf{b})$\end{document}$ is an oblique Gabor dual for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G(\mathbf{h}, \mathbf{a}, \mathbf{b})$\end{document}$ by Lemma [2.9](#FPar17){ref-type="sec"}.

Conclusions {#Sec4}
===========

A mixed multiwindow Gabor system is one of generalizations of multiwindow Gabor systems, whose time-frequency shifts vary with the windows. This paper addresses subspace mixed multiwindow Gabor systems with rational time-frequency product lattices. Using a suitable Zak-transform matrix method, in this paper, we characterize subspace mixed multiwindow Gabor frames and their Gabor duals, obtain explicit expressions of Gabor duals, and characterize the uniqueness of Gabor duals. Some provided examples show that there exist significant differences between mixed multiwindow Gabor frames and usual multiwindow Gabor frames.
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